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Abstract. We give a local characterization of the class of functions having 
positive distributional derivative with respect to z that are almost everjrwhere 
equal to one of finitely many analytic functions and satisfy some mild non- 
degeneracy assumptions. As a consequence, we give conditions that guarantee 
that any subharmonic piecewise harmonic function coincides locally with the 
maximum of finitely many harmonic functions and we describe the topology 
of their level curves. These results are valid in a quite general setting as they 
assume no d priori conditions on the differentiable structure of the support of 
the associated Riesz measures. We also discuss applications to positive Cauchy 
transforms and we consider several examples and related problems. 
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1. Introduction 

One of the most frequently used constructions in complex analysis and geometry 
is to consider the maximum of a finite number of pairwise distinct harmonic func- 
tions. As is well known, the result is a subharmonic function which is also piecewise 
harmonic. A quite natural problem is to investigate the converse direction, namely 
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study the class of functions generated by this basic albeit fundamental procedure. 
Its classical flavor |7| and some important applications - some of which are listed 
below - further motivate a deeper study of this question on which surprisingly lit- 
tle seems to be known. In this paper we answer this question by giving a local 
characterization of the aforementioned class of functions in generic cases and in the 
process we establish several remarkable properties for this class. In particular, we 
show that any subharmonic piecewise harmonic function may essentially be realized 
as the maximum of finitely many harmonic functions. 

1.1. Piecewise Harmonic and Piecewise Analytic Functions. Let us first 
define a fairly general notion. 

Definition 1. Let X be a real or complex subspace of the space of smooth functions 
in a domain (open connected set) U in or C. We say that a function tp is piecewise 
in X if one can find finitely many pairwise disjoint open sets Mi, 1 < i < in U 
and pairwise distinct functions ipi Cz X , 1 < i < r, such that 

(i) if ^ ipt in Mi, I <i <r; 

(ii) U \ lJi=i is of Lebesgue measure 0. 

The set of all functions that are piecewise in X is denoted by PX. 

Remark 1. It is not difficult to see that PX is actually a (real or complex) vector 
space. This as well as further properties of PX functions and related concepts are 
discussed in the Appendix. 

Note that since PX functions are locally integrable they define distributions and 
their derivatives are therefore defined in the distribution sense (and functions are 
identified if they define the same distributions). In particular, if ip G PX one can 
form A(p e T)'(U) and also dzP^, dgifi € !?'([/) if X is complex. 

We now specialize Definition [T] to obtain the main objects of our study, namely 
the spaces of piecewise harmonic and piecewise analytic functions, respectively. 

Notation 1. Fix a domain U C C, let H = H{U) be the real space of (real-valued) 
harmonic functions in U and A — A{U) be the complex space of analytic functions 
in U . By Definition [T] the following holds: 

(a) Given a piecewise harmonic function ip G PH there exists a finite family of 
pairwise disjoint open sets {MiYi^^ in U covering [/ up to a set of Lebesgue 
measure and a corresponding family of pairwise distinct harmonic func- 
tions {Hi[z)Yi^i in U such that 

r 

^{Z)=Y,H,{Z)X^{Z) (1.1) 

1=1 

a.e. in U , where Xi is the characteristic function of the set Mi, 1 < i <r; 

(b) Similarly, any piecewise analytic function S PA may be represented as 

r 

$(z) = ^A,(z)x.(z) (1.2) 

1=1 

a.e. in U, where Mi and Xi, 1 < i < r, are as in (a) and {Ai{z)Yi=i is a 
family of pairwise distinct analytic functions in U . Given this data and a 
point p G U we set 



H^{z)^^ 



Ai{w)dw 



zeU,l<i<r. (1.3) 



These are well-defined harmonic functions in U provided that U is simply 
connected, which wc tacitly assume throughout unless otherwise stated. 
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We stress the fact that in the above definitions no regularity (C^) conditions 
are assumed on the negligible set U\ Ul=i-^^i- Note also that Definition [T] and 
Notation [T] are merely a convenient way of saying that a PH function cf) equals 
one of finitely many harmonic functions in certain prescribed sets. Therefore PH 
functions need not be continuous nor subharmonic and one can hardly expect any 
interesting statements in this kind of generality. The same philosophy applies to PA 
functions: as defined above, a function $ is PA if it is equal to one of finitely many 
analytic functions in certain open sets. Thus PA functions need not be continuous 
and this will not be case either in our situation. 

1.2. Canonical Piecewise Decompositions. Note that conditions (i)-(ii) in 
Definition [T] remain valid if non-empty Lebesgue negligible sets are subtracted from 
the sets Mi, so it is in general impossible to say something about the boundaries 
of these sets. However, the inclusions Mi C [/ \ supp((/5 — ipi), 1 < i < r, always 
hold, where the supports are defined in the distribution sense (recall from i jl.ll that 
PX functions are locally integrable and Lj^^{U) is viewed as a subspace of I?'(J7)). 
Now both X = H{U) and X — A{U) are examples of function spaces satisfying the 
unique continuation property, i.e., f = OuiUiif€X vanishes in some open non- 
empty subset of U. In view of the above inclusions, for spaces with this property 
one can reformulate Definition [T] in a more canonical way as follows. 

Definition 2. Let X be a real or complex subspace of the space of smooth functions 
in a domain U in or C. Assume that X satisfies the unique continuation property 
and let (p G Lj^^{U). Then ip € PX (ip is piecewise in X) if one can find pairwise 
distinct elements ipi G X, I < i < r, such that the set T := ni<t<r supp(<(5 — Vi) is 
of Lebesgue measure 0. 

Setting Mi = U \ supp((^ — (pi), 1 < i < r, in Definition [2] we see that Mi is 
the largest open set in which p — ipi vanishes (as a distribution or almost every- 
where) . Further useful properties of the canonical piecewise decomposition of the 
PX function (p given in Definition [2] are gathered in the next lemma. Henceforth 
by a "continuous function" we mean a function in Lj^^ilJ) which agrees almost 
everywhere with a continuous function in U . 

Lemma 1. In the above notation the following holds: 

(i) U,<.<rM. = U\T; 

(ii) M.nMj = 0, 1 < i T^i < r; 

(iii) Mi = Mi (i.e., Mi is the interior oj Mi), l<i<r; 

(iv) r = Ui<^<,<r^.nM,. 

(v) If ip is continuous then T C 17^^(0), where g :— YiKiKjKrif i ~ Vj)- 

Proof. The first statement is obviously true by the (canonical) definition of the sets 
Mi, 1 < i < r. To prove (ii) suppose that i ^ j and p G Mi n Mj. Then one can 
find q G Mi arbitrarily close to p with q G Mi O Mj. Since q ^ supp{p — pi) and 
q ^ supp((^ — pj) one gets q ^ supp((^i — pj) and the unique continuation property 
implies that pi — pj , which contradicts the fact that pi ^ pj . 

To show (iii) assume that p G Mi. Then there exists an (open) neighborhood N 
o{ p which is contained in Mj. Since Mi fl Mj = if j 7^ i (cf. (ii)) it follows that 
A'' C Mi U r. Hence p — pi in N and N C Mi, so that in particular p G Mi. 

Clearly, U i<i<r ^'^i ^ ^ ■ Therefore, if p G F then p G Mi for some i and p must 
then be a boundary point of A/j. Assume that p (f. Mj whenever j 7^ i. Then there 
is a neighborhood N oi p such that A^ n Mj — % iox j ^ i. Hence A^ C Mi and it 
follows from (iii) that p G Mi. This gives a contradiction (since p is a boundary 
point of Mi) and shows that p G Mi n Mj for some j ^ i, which proves (iv). 
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Finally, if Lp is continuous then Lp = ipi m. Mi and — ipj in M j hence Lpi = ipj 
in n and thus g ee in M ^ n M^- for i 7^ j, so that by (iv) 5 = in T. □ 

The familiar "maximum construction" that we alluded to at the beginning of this 
introduction yields natural examples of PH and PA functions. We recall briefly 
the interplay between the classes of functions obtained in this case: 

Example 1. Let {Hi{z)Yi^i be a finite family of pairwise distinct harmonic func- 
tions in a domain U G C. Then 1^5(2:) := maxi<i<r Hi{z) is a (subharmonic) PH 
function. Indeed, set n {z e U \ Hk{z) ^ Hi{z), 1 < k ^ I <r},let Mi be the 
(open) set consisting of those z g for which (p{z) — Hi{z) and denote by Xi the 
characteristic function of Mi, 1 < i <r. It is clear that is Lebesgue negligible, 
so that {MiYi^i forms a covering of [/ up to a set of Lebesgue measure and 

r 

^{z) ^'^Hi{z)xt{z) 

i=l 

a.e. in U . Moreover, the subharmonicity of ip implies that v := d^Lp/dzdz > in 
the sense of distributions. In fact v is & positive measure supported on the (finite) 
union of level curves {z ^ U \ Hi{z) — Hj{z) — 0}, I < i j < r. One can show 
that in this case the support actually determines the measure (Theorem [2] in Jj2]). 

Now the derivative of (p, again in the distribution sense, inherits a similar prop- 
erty only this time with respect to analytic functions. Classical results yield namely 

r 

dip{z)/dz = ^A,{z)xi{z) 
1=1 

a.e. in U, where Ai := dHi/dz, 1 < i < r, are analytic functions in U (cf. Propo- 
sition [2] in fJ2]). Hence dip{z)/dz is a PA function. Note that the above relation 
may be reformulated as saying that (p satisfies a.e. in U the differential equation 
P{dip{z) / dz, z) = 0, where P{y,z) := 111=1(2^ ~ ^i(^)) ^ polynomial in y with 
coefficients that are holomorphic in U. 

1.3. Main Problem and Results. PA functions occur naturally - and this was 
our original motivation ~ in various contexts, such as the study of the asymptotic 
behavior of polynomial solutions to ordinary differential equations [2 O El E] , the 
theory of Stokes lines ^ il5j and orthogonal polynomials [4J . In the aforementioned 
contexts PA functions are mostly constructed as limits and thus one has no control 
on the diffcrentiable structure of the resulting sets Mi. It is therefore important 
to describe the local and global structure of PA functions both with and without 
additional regularity assumptions - such as piecewise C^-boundary conditions on 
the sets Mi, see and this is the primary objective of this paper. To state our 
main problem it is convenient to use: 

Notation 2. Given a domain [/ C C let E(C/) = {/ G V'{U) \ d^f > 0}. 

Clearly, dzP> G S([/) if ip is subharmonic in U , which holds e.g. for the maximum 
of finitely many harmonic functions. For a (known) converse see the Appendix. 

Main Problem. Let $ G S([/) be a PA function in a given domain U C C Find 
conditions that guarantee that $ is locally (or globally) of the form dzip, where ip 
is the maximum of a finite number of harmonic functions in U . 

The necessity of assuming 9j$ > in the Main Problem will soon become quite 
clear and is further illustrated in Example [21 see also Lemma [T^ in the Appendix. 
We give four answers to the above problem which may be summarized (in terms of 
the mutual implications among them) as follows: 

Theorem [T] =^ Corollary [5] =^ CoroUary [H =^ Theorem H (1.4) 
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We formulate here just the first (Thcorcm[T|) and third (Corollary[T|) main results 
of this paper. The fourth one (Theorem [21) is an alternative approach to the Main 
Problem suggested by our referee, as were several ideas used in this paper. 

Theorem 1. Let ^ G I]{U) be a PA function as in (|1.2p and assume that p E U 
satisfies the following conditions: 

(i) peM^,l<i<r; 

(ii) Ai{p) — Ak{p) ^ R{Aj{p) — Ak{p)) for any triple of distinct indices {i,j, k) 
m {1, . . . , r}. 

(iii) Ai{p) 7^ Ak{p) for any pair of distinct indices (i, k) in {1, . . . , r}. 

There exists a neighborhood N{p) of p such that $ — 2dip/dz a.e. in N{p), where 
ip{z) — TuayiKiKCr Hi{z) and the Hi 's are the harmonic functions defined in (|1.3p . 

A word about each of the three conditions imposed in Theorem [T] is in order: 

(i) suggests defining the following index set for any p E U: 

I{p) = {j e{l,...,r}\peM,} (1.5) 

and i{p) = \Iip)\- Condition (i) then requires that i{p) = r, i.e., every set 
Mi is "active". This will be tacitly assumed throughout; 

(ii) is the most important assumption and amounts to the requirement that 
for all distinct indices i,j,k E {!,..., r} the level curves Hi = Hk and 
Hj — Hk should meet transversally at p (i.e., the critical sets Ti.j,k defined 
in (|3.ip below do not contain p). For an illustration of the necessity of this 
assumption see Example [3] and Figure 1 in SJ3 

(iii) means that locally the (O-)level curves of Hi — Hj, i ^ j, form a foliation 
by 1-dimensional smooth curves of a small enough neighborhood of p. As 
(ii) above, this assumption will also be used in an essential way. 

Let K be the convex hull of the points Ai{p), i g I{p), and denote by OK its 
boundary, which is clearly an i(p)-gon. From Theorem [1] and its proof sketched in 
^and completed in 21~ ill (see, in particular. Lemma [6] in §4.11 and Corollary [5] 
in t j4.4p we deduce the following: 

Corollary 1. Assume all the hypotheses of Theorem]^ except conditions (i)-(ii) 
and set S{p) — {i E I{p) \ Ai{p) is an extreme point of K}. If Ak{p) 4- 
k G /(p) \ S(j)) then the conclusion of Theorem]^ holds. 

Remark 2. In particular. Corollary [T] holds if S{p) = I{p), i.e., all points Ai{p), 
i e I{p), are extreme in K. 

We emphasize the fact that results similar to those above cannot hold for arbi- 
trary PA functions. Indeed, as we already noted, the requirement that d^/dz > 
is crucial. In particular, it implies that the open sets {Mi}l^^ and the analytic 
functions {Ai{z)}^^^ associated with $ have to be intimately related to each other. 
The latter statement is illustrated (and further reinforced) in the next example. 

Example 2. Let r = 2, Ai{z) = 1 and A2{z) = i. Then the subharmonic function 
(p defined in Theorem [T] becomes (p(x,y) = max(a;, — y), that is, ip{x,y) = a; if 
X + y > and Lp{x,y) — ~y for x + y < 0. Hence its derivative equals 1 if 
x + y >0 and i ior x — y <0, respectively. Theorem [T] says (loosely) that among all 
PA functions $ of the form 1 • xmi + i ■ Xm^ for varying sets Mi and M2 (covering 
some neighborhood of the origin up to a Lebesgue negligible set) is the only 
one that has a positive z-derivative in the sense of distributions. To see why this 
is the case consider the following simple example: let / be a line through the origin 
with unit normal rt = ni + m2, so that C \ I consists of two half-planes. Let Mi 
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be the one with n as interior normal to its boundary and M2 the other half-plane. 
Set $ = 1 • XMi + i ■ XM2 ■ Then 

9$ 1 

— = -(1 - i){ni + in2)ds, 
az 2 

where ds is Euclidean length measure along the common boundary I to Mi and M2 
(see Corollary U) . Clearly, d^/dz > only if ni + in2 — "^(1 + i-^-; if the line I 

is given hy x + y — 0. In other words one must indeed have $ = , where (p is the 
subharmonic function defined in Theorem [1] Note that in this particular example 
we used the fact that the boundaries of the M^'s are in order to explicitly 
calculate the derivative of <I>. Our theorems show that the corresponding result is 
true in a much more general situation with no assumptions on the boundaries. 

The local characterization of subharmonic functions with PA derivatives is al- 
most an immediate consequence of Theorem [T] and shows that at generic points 
such functions are indeed maxima of a finite set of harmonic functions: 

Corollary 2. Let be a subharmonic function such that d'^ /dz is a PA function 
with decomposition given by (jl.2p and satisfying conditions (i)-(iii) of Theorem]^ 
Then there exists a neighborhood N{p) of p and harmonic functions Hi, 1 < i < r, 
defined in N{p) such that ^(z) — maxKiKr Hi{z) a.e. in N{p). 

Let $ e S(f/), so that by Notation [2] and [8l Theorem 2.1.7] the measure v := 
d^/dz is positive. Let further p E U and N{p) be a neighborhood of p such that 

N{p) C U. Then the (positive) measure D := Xjj • extends to C and there exists 

some analytic function A such that ^ = Cj} + A (as distributions) in N{p), where 
Cp is the Cauchy transform of j> defined by 

Cc, := — * j>. 

The above decomposition for $ is a consequence of formula (4.4.2) in op. cit. as- 
serting that $ and Cj} have the same derivative with respect to d/dz, so that by [H 
Theorem 4.4.1] they must differ by an analytic function. Hence we also have the 
following corollary to Theorem [TJ 

Corollary 3. Let <i> e S(J7) be a PA function with decomposition given by p.2p 
and set v — d^/dz. Assume that p e U satisfies conditions (i)~(iii) of Theorem]^ 
and let N{p) and v be as above. Then ^ — Cc^ + A in N(j)), where A is an analytic 
function and the positive measure v is supported in a union of segments of level sets 
for the functions Hi — Hj, 1 < i ^ j < r. Moreover, v may be locally described by 
means of its support in the sense of formula ()2.2p (see Theorem\^ (3) in fQj. 

Note that the above results hold in a surprisingly great generality as they assume 
no d priori knowledge of the differentiable structure of supp v. We construct an 
example showing that the picture is even more complex in non-generic cases and in 
particular that Corollary [2] is not true if p is special enough, see Example [3] in ^JTl 

The special case when the Ai in Theorem [1] are constant functions was treated in 
Our crucial Lemma [3] is mutatis mutandis generalized from that paper. In the 
simpler situation of loc. cit. some additional global results were obtained. These 
show essentially that any (locally) PH subharmonic function is globally (in U) a 
maximum of finitely many harmonic functions. Example [3] in [JT] again shows that 
this is not true in general. However, it is not difhcult to get complete results in 
the case when only two functions are involved, see fJH It would be interesting to 
establish when a subharmonic function with a PA derivative is globally a maximum 
of finitely many harmonic functions (cf . Problem [2] in SJT]) ■ 
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2. Derivatives of Sums 



Recall the canonical piecewise decomposition of a PH function from i jl.2l (cf. Def- 
inition [2] with X — H{U)). If ^'(z) is a PH subharmonic function of the form (jl.ip 
then the support of the associated Riesz measure A^* equals T :— U \ U[=i-^^i- 
Indeed, it is clear that supp(A\E') C F. For the reverse inclusion note that ^ is 
harmonic in a neighborhood of any point p € T \ supp(A\E'). If such a point exists 
one can find i ^ j so that any neighborhood of p intersects Mi and Mj, and then 
Hi and Hj both agree with 5" in some neighborhood of p hence Hi = Hj (by the 
unique continuation property), which is a contradiction. 

In this section we first discuss the case of a PA function $ with canonical 
piecewise decomposition as in Definition [2] such that the corresponding set F = 
U \ lj[=i is a locally finite union of piecewise C^-curves. We show that if the 
distribution derivative d^/dz is positive then this measure is determined in a sim- 
ple way by its support, see Theorem[2] (3) below. Note that in view of Lemma[I](v) 
a situation where F is piecewise smooth occurs if one considers a PA function of the 
form $ J2i<i<r(^^i/(^^)^i^ where * = J2i<i<r ^^^i ^ continuous PH func- 
tion (for instance, ^' could be the maximum of finitely many harmonic functions). 
In this case we show that the continuity assumption implies that <i> is actually the 
distribution derivative of ^' (without any C^-assumptions on F). 

We start with the case when only two functions are involved. Assume that ^{z) 
is defined in a domain U and that there exists a smooth curve T d U dividing U 
into two open connected components U = Mi U F U M2 such that $(2:) = Ai(z) in 
Mi, z = 1,2, where Ai{z) is a function analytic in some neighborhood of Mi. In 
particular, ^{z) is a PA function. 

Lemma 2. If v :— d^{z)/dz > in the sense of distribution theory (i.e., v is a 
positive measure) then at each point zofT the tangent line l{z) to F is orthogonal 
to Ai{z) — ^2(2) o.nd the measure v at z equals 

\Ai{i) - A2{S)\ds 
2 

where ds denotes length measure along F. 

Lemma [5] is an immediate consequence of the following well-known result, see 
e.g. [S Theorem 3.1.9]. 

Proposition 1. Let Y C X be open subsets ofM.'' such that Y has a -boundary 
dY in X and let u G C^{X). If Xy denotes the characteristic function of Y , dS 
the Euclidean surface measure on dY and n the interior unit normal to dY then 



where dj and Uj are the partial derivative with respect to the j-th coordinate and 
the j-th component of n, respectively. 

Corollary 4. In the notation of Proposition [7] one has 



Proof of Lemma\^ Suppose that the function $(z) — Ai{z)xi{z) + A2{z)x2{z) 
satisfies the conditions of Lemma [5J where Xi is the characteristic function of Mi, 
i = 1,2. Corollary [2] implies in particular that v is supported on the smooth 
separation curve F and that with an appropriate choice of co-orientation one has 



d^iuXv) = {d]U)xY +unjdS, 




(2.1) 



{Ai—A2)nds 
2 



, which proves the lemma. 



□ 
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Proposition [T] remains true if the boundary of Y is assumed to be only piecewise 
or just Lipschitz continuous (cf. op. cit.). We may therefore apply it to functions 
of the form 



max Hi(z) = ^H^(z)xt{z) 



l<i<r 
1=1 

in U and get the description of their derivatives given in the introduction. In this 
case the normal n is defined a.e. with respect to length measure on the boundary 
and the equality in Corollary [2] is interpreted in this sense. 

Notation 3. Given a PH function ^'(z) = ^i(^)Xi(^) as in (fl~T|) let = 

U \ IJi=i and denote by the set of points where the normal to is not 
defined. In similar fashion, for a PA function $(2) — J2i=i ^ii'^)Xi{z) as in ()1.2p 
we set Tg, = U \ Ui=i and let be the set of points where the normal to F$ 
is not defined. 

Essentially the same arguments yield the following generalization of Lemma [2] 
Theorem 2. Let 

r 

'^^{Z)^J2MZ)X^{Z) 

i=l 

be a PA function in a simply connected domain [/ C C such that 

(i) F$ is a locally finite union of piecewise -curves; 

(ii) d^/dz > 0. 

Let Hi, 1 < i < r, be real-valued harmonic functions as in p.3p . Then for any 
z G F$ \ F^ there is a neighborhood N{z) such that 

(1) 7V(z)\F$ consists of two components N{z)i, N{z)j such that $(z) — Ak{z) 
in N{z)k for k = i,j; 

(2) N{z) n F$ is contained in a level curve of Hi — Hj for some i,j; 

(3) In N{z) one has 

9<i>(.)/az-=^i(£l^A(£M. (2.2) 



The restriction of d^{z)/dz to [/ \ F|, determined locally by 
tends to a measure fi on U which is absolutely continuous with respect to 
length measure on F$. Furthermore d^{z)/dz = 11 in U. Moreover, if any 
two level curves Tij, T^i with i < j , k < I, {i,j) 7^ intersect in at 

most a finite number of points, then the measure fi hence also d^{z)/dz is 
determined by its support F$ . 

Proof. Assertions (1), (2) and identity (|2.2p are direct consequences of Lemma [21 
Since by (i) F$ is a locally finite union of piecewise C^-curves the set F|, has measure 
with respect to length measure ds on F$ and thus the measure fj, extending the 
right-hand side of (|2.2p to F$ exists. It remains to show that 

d^/dz^fi. (2.3) 

Note that d^/dz = /i + G, where G is a sum of Dirac measures supported at 
(singular) points in F|,. Consider now a singular point p G F|,, a small neighborhood 
N of p, and the Cauchy transform G^ of (the extension to C of) the measure 
fi := X— ■ Suppose that locally at p the measure G is given by c6p for some c > 0. 
Then the function 

<f - G^ - ^ 

z — p 

is analytic at p. On the other hand, $ is bounded and by the classical Plemelj- 
Sokhotski formulas (cf., e.g., [U §3.6]) the Cauchy transform G^ has at most a 
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logarithmic singularity at p. It follows that c = 0, which proves (|2.3p . For the last 
statement in part (3) of the theorem note that the assumption on the level curves 
made there guarantees that each regular point of r$ belongs to a unique Tij , hence 
in view of (12. 2|) the measure 9$ /dz is locally determined by Vij . □ 

In the remainder of this paper we will see that results similar to Theorem [5] 
actually hold without local regularity assumptions as in Theorem [5] (i) . 

Obviously, a PH function 5* has a PA derivative almost everywhere. However, 
this is not necessarily the same as the distribution derivative of The next result 
shows that this is true for continuous PH functions. 

Proposition 2. If the canonically decomposed PH Junction 

r 
i=l 

is continuous in U ( cf. JTT^ then 

r 

^^{z)/^z = Y^M{z)x^{z) (2.4) 

i=l 

in the sense of distributions, where Ai dHi/dz, 1 < i <r. 

Proof. Let be as in Notation [3l By Lemma [1] (5) V^^, is contained in the zero 
set of the function g = ni<i<j<r(-^i ~ ^i)- -'^^^ p € F$ \ F^ be a regular point of 
F* and be a small (open) neighborhood of p. Let further N± be N intersected 
with the two sides of T^. It follows that 7V+ C Mi and iV_ C Mj for some i ^ j 
if TV is small enough, and the restriction of ^' to iV is a smooth function plus 
fXi, where / = in F*. Then d{fxi)/dz is a function in N and we conclude 
that /dz — ^iXi + G, where G is a distribution supported at the singular 

points F^ C F,!,. Since T% is a discrete set, by choosing a continuous solution h to 
dh/dz = X]I=i ^iXi we get a continuous solution \1/ — /i to i9(^' — h)/dz = G and 
it follows that G = 0, which proves the proposition. □ 

3. Local Characterization in Generic Cases: Sketch of Proof 

In this section we give an equivalent formulation of Theorem [T] and sketch its 
proof. Under some mild non-degeneracy assumptions, this provides a local descrip- 
tion of functions with positive (distributional) z-derivative which is equal a.e. to 
one of a finite number of given analytic functions. 

Let us first fix notations and assumptions. 

Notation 4. Let {Mi]1=i^ r > 2, be a finite family of disjoint open subsets of a 
simply connected domain [/ C C covering L/ up to a set of zero Lebesgue measure 
and denote by Xi the characteristic function of Mi. Given a family {Ai{z)Yi=i of 
pairwise distinct analytic functions in U define the (measurable) function 



vI/(z)=5]A,(z)x.(z). 



i=l 



Fix a point p e U. As in p.3p we let 



H,{z) = 



Ai{w)dw 



l<i<r. 



Note that each Hi is a well-defined harmonic function in U satisfying dHi/dz = 
^Ai{z). If r > 3 we associate to each triple {i,j,k) of distinct indices in {1, . . . ,r} 
the following "critical set" 

Fij-,fe = {z e [/ I Ai{z), Aj{z), Ak{z) are collinear}. (3.1) 
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Alternatively, Tij^k consists of the set oi z G U such that Ai{z) — Ak{z) and 
Aj{z) — Ak{z) are linearily dependent over the reals. This is the set where the 
gradients of Hi — Hk and Hj — Hk are parallel, or cquivalently, the level curves 
through z to these functions are parallel. Clearly, Tij^k is either a real analytic 
curve or else there exists c € R such that Ai{z) — Ak{z) = c{Aj{z) — Ak{z)) for all 
z£U. 

In this notation Theorem [1] may then be restated as follows. Suppose - using 
the labeling in the theorem - that i{p) = r (cf. p.Sp l assume that d'i'/dz > as 
a distribution supported in U and let p £ U be such that 

(i) peM^,l<i<r■, 

(ii) There is no critical set Tij_k that contains p; 

(iii) Ai(p) ^ Aj(p) for 1 < i j < r, i.e., p is a non-singular point of Hi — Hj. 
Then there exists a neighborhood N{p) of p such that 

* = 2d(p/dz a.e. in N{p), 
where ip is the subharmonic function defined by 

ip{z) — max Hi{z). 

l<i<r 

Remark 3. Generically, the sets ^i,j,k are curves and so conditions (ii) and (iii) 
above hold outside some real analytic set. 

Strategy of the proof and two fundamental lemmas. The proof of Theorem[l] 
is rather technical and the main parts of the argument are contained in Lemma [3] 
and Lemma 2] below, which to some extent hold independently of condition (ii) 
in Theorem [TJ We will now show that Theorem [T] follows in fact from these two 
lemmas. First, a convenient reformulation of the conclusion of Theorem [T] is that 
for 1 < i < r one has Xi = 1 a.e. in the set where ip{z) = Hi{z), and this is what 
we will actually show. Clearly, it is enough to prove this statement for i = 1. 

Assumption I. By considering the function ^! — Ai and using the fact that Ai is 
analytic in U (hence dAi/dz = 0) we may assume without loss of generality that 

A^iz) = Hi{z) = for z e U, (I) 

which we do, except when otherwise stated, throughout the remainder of this section 
as well as in and J5l 

Define now 

W = Wi{p) ■.= {zeU\ ip(z) = 0} , 

W^{p) := {z e C/ I ^{z) = H,{z)} , 2 < ^ < r. ^^'^^ 

We have to prove that = a.e. in n W , or cquivalently 5* = a.e. in A^ n 
for some small enough neighborhood A^ of p, where W denotes the interior of W . 

The first lemma asserts that Xi is increasing along every path along which all 
functions Hi, 2 < i < r, are decreasing. 

Lemma 3. Let p € U satisfy all the assumptions of Theorem Q] except condition 
(ii). If J is a piecewise C^-path from z\ = 7(0) to zi = 7(1) such that that each of 
the functions [0, 1] 9 i i— > Hi{'^(t)), 2 < i < r, is decreasing then 

iXi*^)izi) <{xi*^)iz2) (3.3) 
for any positive test function (p with supp (j) small enough. 
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The second lemma guarantees that enough many points may be reached by paths 
of the form given in Lemma [31 To make a precise statement we need the following 
definition: to each z £ U we associate the set 

V{z) — {( £ U \ 3 piecewise C^-path from z to C along which all Hi decrease}. 

Definition 3. Given p E U and two subsets M, X C U with p E M we say that 
V{z) tends to X through AI as z p, which we denote by liniMgz^p ^i^) — if 
for each a G X and any sequence {2:„}„gN C M converging to p one has a G V{zn) 
for all but finitely many indices n e N. 

Lemma 4. Let p E U satisfy all the assumptions of Theorem [7J in particular 
P ^ for any i,j. Then there is a neighborhood N of p with 

lim V(z) ^ NnW. 

Remark 4. Note that there are actually no sets Tij,^ at all if r = 2 in Lemma HI 

Theorem [H' outline of the proof. As noted in the paragraph preceding Lemma [31 
we have to show that there exists a sufficiently small neighborhood TV of p such 
that ^ = a.e. in NOW. This is trivially true if W has no interior points (i.e., if W 
has zero Lebesgue measure) and so we may assume that W has positive Lebesgue 
measure. 

Let now be a sequence of test functions satisfying supp^s ~^ {0} as 

s ^ oo and J(j>sdX = 1, s £ N, where A denotes Lebesgue measure. Note that 
{ips * Xi}s6N converges in Lj^^ to xi- In particular, this implies that for all e > 0, 
i5 > there exist a sufficiently large s(e, (5) € N such that if s S N, s > s(e, S), there 
is a point zi = zi{e, S,s) € U satisfying 

\zi -pIkS and {(j)s * Xi){zi) > 1 - £■ (3.4) 

To see this let Ns = {z E U \ \z — p\ < 6} and suppose that {(j)s^ * Xi){^) < 1 ^ e 
for some infinite sequence {sfe}jtgN and almost all z E Ns- Then 

* xi)iz) - Xi{z)\ dX{z) > eX{Ah n Ns) 

and since by assumption X{Mir\Ns) > this contradicts the fact that {0^^ *Xi}seN 
converges to xi in -^Lc as fc — > oo, so that (|3.4p must hold. 

From ((33| and ((3^ it follows that (0^ * xi){z) > I ~ e ior z E V{zi), which 
together with the identity 0^ * 1 = 1 yields (0s * X]i=2 Xi){^) < ^ and therefore 

|(0.*M')(z)|= [u^-O'^iOdXiO 

(3.5) 

< e max sup |^(i(C)l —■ ^Cs{z), z E V{zi). 

2<d<r <;ez-supp0,. 

Now we assume in addition that all the conditions of Theorem [I] and Lemma [H 
are true. Fix e > 0. The arguments above show that one can construct a sequence 
{zn}neK C U such that 

\zn ~p\ < - and {(ps^ * Xi){zn) > 1 - e (3.6) 
n 

for some strictly increasing sequence of positive integers {s„}„gN- By Lemma [H 
there exists a neighborhood N oi p such that each z E N O W belongs to all but 
finitely many sets V{zn), n E N. Combined with p.Sp this shows that for every 
z E N nW there exists eN such that 

!((/.«„ * *)(z)| < CsAz)e for n>n,. (3.7) 
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Since A^, '2, < d < r, are analytic functions and supp(/)s^ — > {0}, n — > cxd, it follows 
from p.Sp that by shrinking the neighborhood N (if necessary) one can find C > 
such that Cs„ (z) < C for n e N and z ^ N C^W . Together with (1X7]) and the fact 
that lim„^oo (f)s^ * ^ = 5* in L]^^ this clearly implies that 5* = a.e. in n VF, 
which proves Theorem [TJ □ 

4. Proof of Lemma [4] 

To complete the proof of Theorem [1] it remains to show Lemma [3] and Lemma SI 
We start with the latter, which we prove in this section. 

4.1. Preliminaries. Let A{z) be an analytic function defined in a neighborhood 
of some point zq G C and set H{z) := 3? J^^^^ A{w)d'w , so that dH{z)/dz — i^(z). 
The directional derivative of H with respect to a complex number v = a ~\- (3i is 
given by 

D^H{z) = adH{z)/dx + (3dH{z)/dy = [vA{z)] (4.1) 
and the gradient of H{x^ y) considered as a vector in C is just 



\IH{x,y) ^2dH{z)/dz = A{z). (4.2) 

If A{zq) ^ then zq is a non-critical point for H{z) and locally the 0-level curves of 
H form a foliation by 1-dimensional smooth curves of a small enough neighborhood 
N of zq ([131 Theorem 5.7]). In particular, the (O-)level curve Cr of H through zq 
divides N into two components 

N+ = {zeN\ H{z) > 0}, NH = {zeN\ H{z) < 0}. 

Correspondingly, the tangent to Ch at zq divides the plane into two opposite half- 
planes 

t(zo)+ ={v + zo\v- VH{zn) >0} = {v + zo\n M(zo)] > 0} , 

t(zo) = {v + zo\v- Vil(zo) < 0} = {i; + zo I 3? [vA{zo)] < 0} . 

We now return to the functions Ai, 1 < i < r, suspending for the moment 
Assumption I in ^stating that Ai = 0. As before, we suppose that Ai{p) ^ Aj{p) 
if J ^ j. Consider the convex hull K of the points Ai{p), 1 < i < r. For each 
i define the dual cone (with vertex at p) to the sector consisting of all rays from 
VHi{p) — Ai{p) to points in the complex dual K by 

<^^{P) [\{v+p\v-{k- VH,{p)) < 0} 



keK 
r 

= pl{v+p\v iVH,{p) - VHdp)) < 0} 



(4.3) 



= f]{v+p\^ [v{A,{p) - A,{p))] < 0} . 

Clearly, this cone is the infinitesimal analogue of the set Wi{p) defined in 
The interior of ai{p) contains the directions in which Hi grows faster (up to the 
first order) than any other Hk, k ^ i. 

There are several possibilities for the cone (Ji{p)'. (a) it may have a top angle 
strictly between and tt, in which case we say that it is a pointed cone (b) it consists 
just of the point p or (c) it is either a line, a half-line or a half-plane. 

The next lemma is a direct consequence of basic convex geometry. 

Lemma 5. With the above notations and assumptions the following holds: 
(i) If Ai(j)) lies in the interior of K then ai{p) — {p}; 
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(ii) If K is not a segment then Ai(p) is an extreme point of K if and only if 
(Tiip) is a pointed cone. 

Now consider condition (ii) in Theorem [l] which is also part of the assumptions 
of LemmaHl By Lemma[5](ii) this condition is strictly stronger than the hypothesis 
in the following lemma. 

Lemma 6. Assume that the only points Ai{p) contained in the boundary OK of 
K are extreme points. If S{p) = {i € {1, . . . , r} | Aiiji) is an extreme point of K} 
then: 

(i) u\a,yii<i<r H = maxjg5(p-) IIi{z) in a neighborhood of p; 

(ii) There is a neighborhood N of p such that UieS(p) ^ ^ ^» ~ ^ • 

Proof. Clearly, (ii) follows from (i). Let now j ^ S{p), so that by Lemma[5]and the 
assumption of Lemma [6] one has crj(p) = {p}. This means that for each ray from p 
in the unit vector direction v ^ there is at least one Hi, i G S{p), such that 

vi{u + p\u- iVH,{p) - VHj{p)) < 0} . 

Thus, for each v ^ there is a product neighborhood I{v) x J{v,p) C x U oi 
{v} X {p} such that there exists i — i(v) £ S{p) so that the continuous function 
u ■ {WIIi{z) — Wllj(z)) is positive if {u, z) e I{v) x J{v,p). By the compactness of 
X {p} C xU, a, finite number of neighborhoods /(«/) x J{vi,p), I < I < s, cover 
X {p}. Hence the neighborhood J{p) := r\i<i<s '^i^hP) P has the property 
that along each ray from p with direction v G there is some i G S{p) such that 
IIi{z) > IIj{z) if z G J{p) \ {p}, which proves (i). □ 

For the rest of this section we may again (and do) assume that W = Wi, Ai = 
Hi = (see Assumption I in and furthermore that p = 0. By condition (ii) 
in Theorem [T] (which, as we already pointed out, is also assumed in Lemma H]) and 
Lemma E] it is then enough to prove Lemma [H in the case when the index 1 belongs 
to the set S{p) defined above, which we now proceed to do. 

4.2. Changing Coordinates. To prove Lemma H] in the above situation we will 
further simplify the picture by making suitable coordinate changes as follows. Let 
G be a C^-homeomorphism from a domain U' to U that takes a neighborhood 
N' C U' of p' — G^^{p) one-to-one onto N. Then W{p) n is the homeomorphic 
image under G of the set 

W'ip) = {weN' \ Hi{G{w)) < 0, 2 < i < r} 

(note that we do not need to assume that G is analytic since we are not concerned 
with preserving subharmonicity in the present situation). Furthermore, li z £ U 
and z' — G^^{z) then V{z) is the homeomorphic image under G of the set 

V'{z') 

= {C G [/' I 3 piecewise C^'^-path from z' to C,' along which all Hi o G decrease}. 

Clearly, since G is one-to-one it suffices for the proof of Lemma H] to show that 
there exists a neighborhood N' of p' such that V'(z') tends to W' through an 
appropriate set as z' — > p' (cf. Definition [3]) . 

As an immediate application of this observation we may prove Lemma |3 in the 
case when X is a line segment. Indeed, suppose that ^i(O) = and ^2(0) are the 
(only) two extreme points of K. By Lemma [6] the functions Ai{z) = and A2{z) 
are the only active ones at p and it suffices to show that V{z) tends to W through 
W as z —^ p in a suitable neighborhood. We may change coordinates as above in 
order to reduce this case to the situation when H2{x,y) — y. Then just consider 
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the harmonic conjugate Q of H2 and note that N B z t-^ {Q{z), H2{z)) is a local 
homeomorphism for a sufficiently small neighborhood TV of p = 0. It follows that 

V{z) n N = {w e N \ < ^z} Siiid w n N = {w e N \ < = 0}, 

so the conclusion of Lemma 2] is immediate in this case. 

4.3. The General Case r > 3. From the discussion at the beginning of this 
section it follows that if W is as in (|3.2p and as before W is its interior we get that 
the open set 

r 

is bounded by parts of some of the (O-)level curves through p = of ff^, 2 < z < r, 
and part of the boundary of N. Furthermore, cri(p) is a pointed cone subtending 
an angle a G (0; i") sX its vertex (which is the origin), and it is bounded in a small 
neighborhood of p by tangents to some level curves, say H2 — and H3 = 0, that 
meet transversally at p. Since two non-identical real analytic curves can intersect 
each other only in a discrete set it follows that for a small enough neighborhood N 
of p the boundary of will consist of at most part of two level curves (and part 
of the boundary of N). 

By the inverse function theorem the map 

{x,y) 1-^ R{x,y) := {H2{x,y),Hz{x,y)) 

is a homeomorphism from a neighborhood (also called N) of p to a neighborhood of 
p. This map takes WON to an open subset of the third quadrant and p is an interior 
point in the induced topology of the third quadrant. Clearly, the homeomorphism 
G{x,y) — R~^{x,y) satisfies H3{G{x,y)) = x and H2{G{x,y)) = y so that by §4.21 
we may assume without loss of generality throughout the rest of this section that 

H2{x, y) = y, H^^x, y) = x, cri(p) is the third quadrant and W H N 
is the corresponding quadrant of a disk. 

The assumption on the boundary of the convex hull of the Ai{pys (cf. Lemma [S] 
and the discussion following it) implies that there are no other level curves through 
p that are parallel to either of the level curves of H2 or H3 through p except the 
latter curves themselves. 

Now by viewing gradients as complex numbers for each z € N we may write 

VHkiz) = |VHfc(2)|e^'''=(^\ where 6*^(2) e [0, 2tt), 2 < k < r. (4.4) 

Our assumptions imply that < 6'fc(p) < 7r/2 for 2 < fc < r. Let us further shrink 
A'' - if necessary - so that 

< Okiz) < tt/2 for e {2, . . . , r} \ {2, 3} if z G N. (4.5) 

Claim 1. For any z W H N there exists a neighborhood of such that every 
point in may be reached by a path from z along which each of the functions Hk , 
2 < k < r, increases. 

Proof. Let z G WON. Then clearly both coordinates x and y are increasing along 
the straight segment from z to p = given by {(1 — t)z | t G [0, 1]}. Moreover, 
there is a disk centered at p such that w E implies that both x and y 
increase along the path •jwit) = (1 — t)z + tw, t G [0, 1], from z to w. (Note that 
is the largest disk contained in n {w G C | diw > 5Rz,3w > 3z}.) Thus 
both functions [0,1] 3 t 1-^ Hkijwit)), k G {2,3}, are increasing. Let us show 
that this is true as well for each of the remaining functions [0, 1] 9 1 1-^ Hk{jw{t)), 
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k€{2,..., r}\{2, 3}. By g^]) one has VHk{z) ^ (a(z), (3{z)), where a{z), (3{z) > 
ii k ^ {2, 3} and z E N, so that the derivative 

j^Hk{i^{t)) = a{-f^,{t)Wiw -z) + P{j^{t))^{w - z) (4.6) 

is positive for w = 0, 2 < k < r, and t e [0, 1]. Hence there is a neighborhood Nz 
of such that the expression in ()4.6p is positive for all w G and t S [0, 1]. This 
means that each point in Nz may be reached by a path from z along which each of 
the functions Hk, 2 < k <r, increases. □ 

The proof of Lemma |4] is now immediate: if {zn}n<£N is a sequence converging 
to p there is riQ G N such that n > uq implies z„ S Nz and by Claim [T] there is 
a path from z to z„ along which all Hk, 2 < k < r, increase. Going in the other 
direction there is a path from z„ to z along which all H^, 2 < k < r, decrease hence 
z e V{zn) for n > hq. By the above remarks this completes the proof of LemmalU 

4.4. A More Precise Version of Theorem[ll Revisiting the proof of Theorem[l] 
sketched in [J3]we see that we can actually formulate a more precise result by using 
the terminology and arguments given in i j4.1H i }¥!^ above. 

Corollary 5. Assume that all hypotheses of Theorem]^ are satisfied except con- 
dition (ii) . Let Ai (p) be an extremal point in K and consider the part dKi of its 
boundary (i.e., the union of the two edges of K) connecting Ai{p) to its two neigh- 
bouring extremal points. If Ak{p) ^ dKi, k ^ i, there exists a neighborhood N of p 
such that ^ = 2dtp/dz a.e. in Wi{p) n N. 

5. Proof of Lemma O 

In this section we prove the remaining lemma, namely Lemma [3] that generalizes 
a corresponding result obtained in [2] in the (simpler) case when the Ai are constant 
functions. Recall Notation [H the renormalization argument in Assumption I of Sj3] 
allowing Ai = 0, and the assumptions of Lemma [3] and Theorem [1] for our given 
PA function 

r r 

vl'(z) = Mz)x^iz) =0-xi{z)+Y. Mz)Mz) (5.1) 

4=1 i=2 

and for the path 7. In particular, we assume that condition (iii) in Theorem [T] is 
fulfilled at all points on 7, that is, 7 does not pass through singular points for the 
differences Hi — Hj with i j. We may reparametrize 7 by arc- length using the 
parameter interval [0,L] and so we may assume that \'y{t)\ = 1, t Q [0, L]. Note 
first that it is enough to prove the following modified form of Lemma [S] for each 
ti G [0, L] there exists 77 > such that for any positive test function (j) with supp (f> 
small enough one has 

iXi*(t>)izi) <{Xl*(t>){z2), ^^^^ 

where zi ~ 7(^1) and Z2 — 7(^2) with < t2 — < 77. 

Indeed, the fact that (|5.2p implies Lemma [3] follows easily by a compactness argu- 
ment: fix ti and let S2 be maximal such that p.3p holds for i2 < S2- If S2 7^ L 
then (|5.2p gives a contradiction to the maximality of S2 ■ For simplicity we make a 
translation so that zi = 0. Clearly, we may also assume that 7 is C^. 

The idea of the proof of inequality (|5.2p is to use the asymptotic properties of 
the logarithm of For this we need to take the logarithm of the Ai and we must 
therefore make sure that it is possible to choose a suitable branch. To this end we 
first prove the following assertion. 
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Claim 2. There exists a neighborhood M of zi — such that 

A^{z) eC\{tv\t<E (0,c»)}, z (E M, 1 <i <r, 
whenever v is a unimodular complex number satisfying v £ cr(zi), where (cf. (I4.3p J 

r 

a{zi) = f]{u\n[uMzi)]<0}. 

Proof. Since Ai = Q this is immediate for i — \. By condition (iii) in Theorem [T] 
there exists c' > such that |Ai(zi)| > c' for i e {2,...,r}, so that there is 
c £ (0, c'] and a neighborhood M of zi such that |^i(z)| > c for i G {2, . . . ,r} 
and z £ M. It follows that for all unit vectors v G cr(zi) we may assume up to 
shrinking M that 5R [u74i(z)] < c/2 for 2; e Af . Thus the angle p between Ai{z) and 

V satisfies p € (7r/3,57r/3) since cosp — \Ai{z)\^^';k[vAi{z)] < 1/2, which proves 
the claim. □ 

We use the result that we have just established in order to simplify the situation. 
For this we choose 77 > such that 7(t) G M, t e [0, rj], where the neighborhood M 
of = is as in Claim [21 and we let v = 7(0). Note that since by the assumption 
in Lemma |3] all functions [0,?/] 3 t 1-^ Hi{'-f{t)), 2 < i < r, are decreasing we have 

V e (j{zi) by (|4.ip . Up to replacing by the function e*^\E'(e*^z), where v = e*^, 
we may also assume that v = 1. In particular, we deduce that [7(0)] = 1 > so 
that by further shrinking M and the corresponding r/ > we get the key property 

3?[7(i)]>0, te[0,r,]. (5.3) 

Let ^I^e — log(5' — e), where e > is arbitrary and we have chosen a branch of 
the logarithm that is defined in the complex plane cut along the positive real axis. 
The composite distribution is then defined by the above rotation of the complex 
plane, since w = 1 G cr{zi). We now study its derivative along the path 7. 

Give C, ^ M define as above (cf. 



a(C) = n{^I^M.(C)]<o}. 



Then for any fixed e > and u E a-{() with 5Ru > one has 

[u{A,{w) - e)] < 0, I < i < r, (5.4) 

for all ui in a (sufficiently small) neighborhood of C. In particular, inequality (|5.4p 
holds for all vectors of the form u — j{t) in view of (|5.3p and the fact that all 
functions [0,77] 3 t 1-^ Hi{j{t)), 2 < i < r, are decreasing (and thus u e (t{Q by 
(|4.ip ). It follows that if is a positive test function with J (pdX = 1 and suppi/) is 
small enough then 

3? [u{(j) * * - e)] < 

and therefore 

3? 



(5.5) 



< 



in a neighborhood of (. Since d{(j) * ^)/9z > we get 



3? 



^|log( 



Letting supp with J (pdX = 1 we see that \og{(j) 

as a distribution) and by passing to the limit we get 



9((/)* ^f) 
dz 

* * - e) - 



< 0. 



in Lie (hence 
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Write now ^'^ = tTg + ir^, where CTe and Tj are real- valued distributions. Then the 
latter inequality yields 



3? 



oz 



< 3 



oz 



(5.6) 



where ()5.6p is interpreted as being valid for the restrictions of the corresponding 
distributions to a neighborhood of C. Note that up to further shrinking M (and 
the corresponding 77 > 0) by our choice of the branch of the logarithm used in the 
definition of ^E*, we have 



r.(.)e(2-Y 



z e2M = {a + b\ a,b e M}. 



(5.7) 



Let us show that relations (|5.6p - ()5.7p produce the desired result. Recall that for 
a real- valued function uj{z) one has 



duj{z) duj{z) 



dz 



dz 



(5.8) 



in the sense of distributions. We consider the derivative of along the path 7: if 
(j) is a positive test function then since cr^ is a real-valued distribution we deduce 
from (|5.8|1 and (|5.6p that the following holds in the interval (0,7y): 



-[(</. *a,)(7(t))]=25R 



jit)- 



dz 



23? 



< * Of 



3? 



< 2 / 5 



oz 



dz 
dX{w) 

dX{w). 



(7(t)) 



(5.9) 



Now if supp(/> is small enough, say supp(/< C M, then from (|5.7p and the fact that 
|7(t)| — 1 for t e [0, 77] (cf. the reparametrization argument at the beginning of this 
section) we get 



oz 



Stt 1 



(5.10) 

where || • ||i denotes the L^-norm. Note that the (positive) constant «;(</)) defined 
above does not depend on e. Combining ()5.9|) and ()5.10p we obtain 



(0 * Cre)iz2) -((/<* 0-e)(zi) < K{(f>)r]. 

On the other hand by (|5.ip we have 



(5.11) 



^^{z) = log 



'exi{z) + J2{Mz)~^)Mz) 



i=2 



hence 



a,{z) ^ {log e) ■ xiiz) + fe{z), where f^iz) ^^\og\Ai{z) - e\ ■ Xtiz), 

i=2 

and therefore (<^ * <^il){z) = (loge) • ((/) * Xi)(z) -I- (0 * fe){z)- By condition (iii) in 
Theorem [T] there exists c > such that |^i(2:)| > c for ? € {2, . . . ,r} and z G M 
(cf. the proof of Claim [2|). We deduce that there exists c' > (independent of e and 
^) such that * /£)(z)| < c'||(/)||oo for z e M, where || • ||oo denotes the L°°-norm. 
It follows that 

{(P * a,){z) = (loge) • {(P * xi){z) + 0(1). (5.12) 
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Substituting (|5.12p in (|5.1ip and letting e ^ we conclude that (|5.2p holds, which 
by the preliminary remarks at the beginning of this section completely settles 
Lemma |3l 

6. An Alternative Approach Under Extra Conditions 

In the previous sections we formulated and proved three results answering the 
Main Problem stated in founder fairly mild assumptions, namely Theorem[T]and its 
consequences Corollary [5] and Corollary[T] (cf. ()1.4|) ). We will now prove Theorem[3] 
below that provides a fourth answer to the Main Problem under some extra (yet still 
mild) conditions. Although this result may be obtained directly from Corollary [Tl 
the point in what follows is to present a different approactQ from the one used in 
J21"3Slthat does not rely on Lemma [3] and Lemma [H 



Notation 5. Let $ G PA be as in (|1.2p . which wc assume to be the canonical 
piecewise decomposition of $ in the sense of Definition [21 We may write 

r 

u\\Jm,^z, 

i=l 

where Mi, 1 < i < r, are pairwise disjoint open sets and Z is Lebesgue negligible. 
Note that each dMi is also Lebesgue negligible since dAIi C Z, 1 < i < r. As before 
we let Xi be the characteristic function of Mi. Recall from (|1.5p the set I{p) and its 
cardinality i{p) defined for any p G U. To simplify some discussions, assume that 
U is simply connected and choose fi € A{U) such that fi{z) = Ai{z), I < i < r, 
where the Ai are the given (analytic) functions appearing in the decomposition 
([T^ of Hence 

r 

$(z) = ^/;(z)x.(z). 

1=1 

For arbitrarily fixed p € U we let 

<Piz) (= M^)) = max 3?(/j(z) - fj{p)) = max Hj{z), 

where the Hi are the harmonic functions defined in (|1.3p (cf. in the case when 
i{p) = r). Clearly, is a continuous subharmonic function in U which vanishes at 
p. Finally, if fc G I{p) and > 1 set 



i€i{p)\{k} 



% >0,je l{p) \ {k}, > 

je/(p)\{fc} 



Recall the definition of S(?7) from Notation [21 

Theorem 3. In the above notations assume that $ G 2]([/) and that the following 
conditions hold: 

(i) The one- dimensional Hausdorff measure of dMjC]dMkC]dMi is whenever 
j < k < I; 

(ii) Ifi{p) > 1 and k G I{p) then ^ Vk{p). 

Then a.e. in a neighborhood of every p Cz U one has $ = 2dz4i (= '^dz(t)p). 

Remark 5. Recall the assumptions involving the (extremal points of the) convex 
hull K of the points Ai{p) — fi{p), 1 < « < i{p), that we used in Corollary [H and 
Corollary [3 Although still mild (since it is generically true) , requirement (ii) in 
Theorem [3l is actually stronger than the aforementioned assumptions. 



"'^This approach and the subsequent proofs were suggested by the referee whom we would like 
to thank for generously sharing his ideas with us. 
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The remainder of this section is devoted to the proof of Theorem [31 which uses 
induction on i{p). 

Consider first the case i(j>) — 1. By relabehng the indices we may assume that 
I{p) = {!}, that is, p ^ Mj for j > 1. Hence p is either an interior point of Mi 
or p € Z and every neighborhood of p intersects Mi. If the former occurs then 
$(z) = 2dz3tfi{z) in an open neighborhood of p and thus $ — 284)/ dz in that 
neighborhood. If p d Z then there is a small open neighborhood Q of p contained 
in Ml U Z and we conclude that — 2dz^fi{z) a.e. in fl, hence equality holds 
in n in the distribution sense. This settles the case when i{p) — 1. 

Assume next that i{p) — 2 and (without loss of generality) I{p) = {1,2}. Since 
the Mi are pairwise disjoint it follows that p G Z and p ^ Mk for k > 2. Therefore, 
there is an open neighborhood of p such that 

^{z)^fi(z)xi{z) + f2{z)x2{z). zen. 

Let X X2I j^, / = /2 - /i Ijj, and define 

^iz) = r{z)x{z) = <^>{z)-f'i{z). 

Note that 52*(z) > in f}. Condition (ii) in Theorem [3] implies that f{p) ^ 
and we may assume (after shrinking fi, if necessary) that / is a diffeomorphism 
from f2 onto some open disk D <Z C We may then write x(^) = vifiz)), where 
r] = ri(w) = ri{u + iv) is the characteristic function of some open subset to of D, and 
we get 

< dMz) = d,f'{zUf{z)) - \r{z)\\d^v){f{z)), 
so that dwT] > in D. Since rj is real- valued this means that rj is an increasing 
function of u. Hence the open set lo is defined by an inequality of the form > a, 
and then M2 n is defined by the inequality di{f2{z) — fi{z)) > a. Moreover, since 
p is in the closure of the set where x = 1 we must have a — 5R(/2(p) — fi{p))- 
Clearly, we may assume that fi{p) = f2{p) = 0. Then ^{z) — f[{z) when z G fl 
and ^fiiz) > 5R/2(z) while $(z) = f^{z) when z e 17 and 5R/i(z) < ^f2{z). This 
shows that $ = 2d(j)/dz in a neighborhood of p, which completes the proof in the 
case when i{p) = 2. 

The above observations also give us a result that will be used later on: 

Lemma 7. Assume that I(p) ~ {j, fc}, where j < k, and that j(t) is a C^-curve 
escaping from Mj into Mk when t = t in the sense that ^{t) G Mj for t < t and 
there is a sequence {t^}i° with Ti, > t and Ti, ~+ t as v ~* 00 such that j{t^) G Mk- 

Then dt^{fjijit)) - fkhit))) <0. 

t — T 

Let us now pass to the case when i{p) > 3. Then p € Z and there is an open 
neighborhood of p that does not intersect r — i{p) of the Mj . By deleting these sets 
from U we may assume that i{p) — r > 3 (cf. the comments after (|1.5p in fJTI)- We 
then know that p G Cli^i dMj. It is no restriction to further assume that the fj 
are normalized so that fj{p) = for every j. Then (j){z) (= 4>p{z)) = maxj ^fj{z) 
and we have to prove that 

^fk = in Mk n N, (6.1) 

where TV C C/ is a sufficiently small open neighborhood of p. Let 

Nk = {z&N\ ^fkiz) > 5R/j(z) when j ^ k}. 

Suppose now that we can show the following: 

Nk C Mk for every fc if is sufRciently small. (6-2) 

Since the 5ft/j must be pairwise distinct harmonic functions in U (as a consequence 
of condition (ii) in Theorem [3]), the set where ^fj = 3?/fc for some j, k with j k 
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is of Lebesgue measure 0. It follows that TV is the disjoint union of the sets 
together with a set of measure 0. Since the Mj are pairwise disjoint and dMj is 
of Lebesgue measure for every j (since dMj C Z, cf. Notation [5]) we deduce that 
(Mfc (1 N) \ Nk is Lebesgue negligible. From this we conclude that 3?/^ = in 
Mk n N hence $ = 2dz(j> in iV, which proves Theorem [31 

Thus the main issue is to show that (|6.2p holds. When doing this we may assume 
that k = r and consider the harmonic functions hj = ^{fr — fj), 1 < j < r — 1. We 
know that hj{p) — 0. Let q € Nr, i.e., q € N and hj{q) > for j < r. We want to 
show that q G Air- For this we define 

A= IJ {dMjndMkndMi) . 

j<k<l 

By assumption (i) in Theorem [31 A has vanishing one-dimensional Hausdorff mea- 
sure. We need the following lemma. 

Lemma 8. There is an open set N d U containing p such that the following holds: 
if w € N and hk{w) := 3f?(/r(w) — fkiw)) > when k < r, then there exist an open 
neighborhood M = Mw <Z U of p and for every z E M. a real analytic mapping 
7 = ^{s,t) from a neighborhood of [0, 1] x [0, 1] into U such that 

(a) The restriction of 7 to any set where t < to < 1 is a diffeomorphism onto 
its image; 

(b) 7(1/2,0) — z and 7(5, 1) = w for all s; 

(c) dthk{"f{s,t)) > for all (s,i) when k <r. 

Assertion (I6.2p - and thus, as explained above, Theorem [31 as well - is now a 
consequence of Lemma [H Indeed, let iV be a small neighborhood of p satisfying the 
assumptions of Lemma [Hand w £ TV be such that hk{w) > for fc < r. We need 
to prove that p G Mr- For this let = A^^, be as in the conclusion of Lemma [51 
Since p G Mr we know that M contains a point z G Mr. Let 7 be the mapping 
corresponding to z and w. By shrinking the domain in which the variable s ranges 
we may assume that 7(5, 0) G Mr when s G [0, 1]. Set 

= {{s,t) |0<s<l, 0<i<l - i^-^} 

for each integer 1/ > 2. Since the one-dimensional Hausdorff measure of A vanishes 
this is also true for the one-dimensional Hausdorff measure of 

i^. :={(s,i)e A|7(s,i)eA}. 

It follows that 

Ji, := {s G [0, 1] I {s, t) G K„ for some t} 
is a closed set of Lebesgue measure 0. In fact, is the projection of a set with 
vanishing one-dimensional Hausdorff measure, see, e.g., [101 Theorem 7.5]. There- 
fore, the set is of the first category, which implies that IJ^^ is also of the first 
category. This gives us an s e [0, 1] such that j{s,t) ^ A when < t < 1. From 
condition (c) in Lemma[Sland Lemma[71it follows that the curve 1 1— > 7(5, t), which 
starts at 7(5,6) G Mr, can not leave A/,, until t = 1. Hence w G Mr, which proves 
(|6.2p and we are done. 

It remains to prove Lemma [HI In doing so we will use the fact that the functions 
hj = ^{fr — fj), i l£ j l£ 1 — 1, introduced above are real- valued and real analytic, 
but we will make no use of their harmonicity. Condition (ii) in Theorem [31 implies 
that the set of all linear combinations J^jZi (^jdhj(jp), where 9j > for all j and 
dh denotes differential, is contained in a convex cone F with positive opening angle 
less than tt. We make an affine change of coordinates, only keeping the affine space 
structure of C. This change of coordinates will allow us to replace F with any other 
cone with positive opening angle, and without loss of generality we may further 
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assume that p is the origin. Then we are in the situation where a set of m = r — 1 
real analytic and real- valued functions hi, ... , hm are defined in a neighborhood V 
of the origin in M? and satisfy the conditions 

(I) hj{0) = and dhj(0) ^ when 1 < j < m; 

(II) The closed convex cone generated by the gradients Whj{0), I < j < m, is 
contained in the cone T :— {{x, y) G | \x\ < y}. 

To complete the proof of Lemma |8] we only have to establish the following result. 

Lemma 9. Assume conditions (I)-(II) above. Then there is an open setO £ N dV 
such that the following holds: if 

w e riN {z ^ (x, y) e N \ hj{z) > 0, 1 < j < m} 

one can find an open neighborhood M. — M.^ of the origin and for each z ^ M a 
-mapping 7(5, t) from a neighborhood of [0, 1] x [0, 1] into V such that 

(a) The restriction of 7 to any set where t < to < 1 is a difjeomorphism onto 
its image; 

(b) 7(1/2, 0) = z and 7(5, 1) ^ w for all s; 

(c) dthk{'j{s, t)) > for all (s, t) when k < m. 

Proof. Define 

fl± = n {{x, y)eR^ \±x> 0} 

whenever N C V. It suffices to prove that there exist an open set G = C V 
such that the conclusion of the lemma holds when w € ff^. Indeed, by replacing 
hk{x, y) with hk{—x, y) we would obtain N = for which the conclusion of the 
lemma would then be true when w G fijj and thus the assertions in the lemma 
would follow for the open set N = n N- . 

It is no restriction to assume that dhj{0) is proportional to —dx + dy for some 
j. By shrinking V if necessary and applying the implicit function theorem we may 
also assume that every hj is of the form 

hj{x,y) = Pj{x,y){y ~ gj{x)), 

where Pj,gj are real analytic functions and (3j > 0. Then by using the real analyt- 
icity of the functions gj we may further assume - after shrinking V and relabeling 
the indices, if necessary - that V — {—h, h) x (—6, b) for some positive real number b 
and that gi{x) < g2{x) < • • • < gm{x) when < a; < 5. With these normalizations 
it follows that 

-I<5i(0)<<72(0)<---<.9™(0) = 1 
and finally, after making a non-linear change of the x-coordinate, we may addition- 
ally assume that gm{x) — x. 

Below we let a < 6 and S be small positive numbers and we make generic use of 
the letter C to denote constants that are independent of a and S when these stay 
small. Define 

N{a) = {z e C I |z| < a}, 

n+{a) = {z = {x,y) e N{a) | x > and hk{z) > for all k}, 

so that ri+(a) — {z — {x,y) \ < x < y, \z\ < a}. 
Now, we clearly have the estimates 

C-'^ < Pjiz) and \Vf3j{z)\<C, z e N{a). (6.3) 

Let w = (u, v) G f2+(a) and set p = v u. Then p is a positive real number that 
depends on w and we define 

M = Mro = {zeC\\z\< 5p}. 
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Take z G A4 and let a S be linearly independent from w — z and such that 
\a\ < 5 p. Introduce the mapping 

7(s, t) = (x(s, t),y{s, t))^z + {s - 1/2)(1 - t)a + t(u) - z) (6.4) 

defined for all (s, t) in a small open neighborhood of [0, 1] x [0, 1]. It is then imme- 
diate that assertions (a) and (b) in the lemma are satisfied. 

In order to verify (c) we compute the i-derivative of hj{^{s,t)): 

dt{h,{j{s,t))) = {y{s,tyg,{x{s,t)))dt{f3,{j{s,t))) 

+ (3,{j{s,t)){dty{s,t) - g'j{x{s,t))dtx{s,t)). 

We see that 

\dt{Pjhis,tm<Ca. (6.6) 
Since gj{x) < gm{x) = x when < a; < a we may write 

gj{x) ^x-pjix), 

where Pj{x) > 0. If Pj(x) ^ then Pj{x) = x^^qj{x), where fij is a positive integer 
and qj(0) > 0. By taking a sufficiently small we may then assume that 

p'^{x) = p,jX^'^^qj{x) + x^'^q'^{x) > C^^pj{x)/x, < x < a. (6.7) 

Moreover, since x{s,t) = (1 — t)x{s,0) + tx{s,l) > (1 — t)x{s,0) it follows that 
^ CSp if x{s,t) < 0. Hence there is a constant C such that 

\pr{xis,t))-p'^i\xis,t)\)\<CSp, 0<s,t<l. (6.8) 

Next, one has 

y{s,t)~gj{x{s,t)) = (1 - t)y{s,0) +ty{s,l) - x{s,t) +pj{x{s,t)) 

= {l-t)y{s,0)+ty{s,l)-{l-t)x{s,0)-tx{s,l)+pj{x{s,t)) 
= (1 - t)iyis, 0) - x{s, 0)) + 1) - x{s, 1)) + p,ix{s, t)) 

= (1 - t){y{s, 0) - x{s, 0)) + tp + pj{x{s, t)). 

Recall that w G 51+(a), so that in particular < a. Since \z\ < Sp and \a\ < Sp 
it follows from (|6.4p that |a;(s, i)| < a if 5 is small enough. We then deduce from 
and (HH) that 



\y{s,t)~gj{x{s,t))\<Cp+p,{\x{s,t)\). (6.10) 
Using and we find that 

dty{s,t)-{dtx{s,t))g'j{x{s,t)) =p-{y{s,0) - x{s,0)) + {dtx{s,t))p'^{x{s,t)) 
= p - (y(s, 0) - x{.8, 0)) + {xi-s, 1) - x{s, 0))p'^ix{s, t)) 
^p- {y{s, 0) - x{s, 0)) - x{s, 0)p;. {x{s, t)) + x{s, l)p'^ {x{s, t)) 

> {l-C6)p + xis,l)p'^{x{s,t)) > il-2CS)p + x{s,l)p'^i\x{s,t)\) 

> {l-2CS)p + C-'p,{\x{s,t)\). 

We now choose S small enough so that e.g. 2CS < 1/2. This gives the inequality 

dty{s, t) - {dtxis, t))g'^{xis, t)) > C-\p + p,(\x{s, t)\)). (6.11) 
Combining ((OT|) with dOJ, (HH) and ([QUI) we get 

dth,{-i{s,t)) > (3,{j{s,t)){dty{s,t) - {dtx{s,t))g'^{x{s,t))) 
~\{y{s,t)-g,{x{s,t)))dtP,h{s,t))\ 

> c-^p+p,{\x{s, t)\)) - cMp+pji\^is, m) 

= {C-'-C'a){p + p,i\x{s,t)\)). 
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Taking a < C we obtain a positive bound from below for the right-hand side 
in the last expression, which completes the proof of the lemma. □ 

7. Examples and Further Problems 

7.1. The Necessity of Non-degeneracy Assumptions. If one of the cones 
<Ji{p) in (|4.3p is a line it may happen that W{p) \ {p} is the union of two compo- 
nents W{jp)i and W[p)r, each bounded by level curves as above. In this case there 
might be several different subharmonic PH functions that satisfy condition (i) in 
Theorem [T] as shown by Example [3] below. Hence something like condition (ii) is 
indeed necessary in order to obtain the conclusion of the aforementioned theorem. 

Example 3. Set Hi{x,y) = 0, H2{x,y) = ix + x'^ — y'^, and H^{x,y) = -x. There 
are three level curves through (0, 0) to functions of the form Hi — Hj with i ^ j- 
These are depicted in Figure 1. Let ip = max{i/i = 0,i?2,-f^3}- The functions in 
the figure closest to the origin in each sector are the restriction of ip to that sector. 




Figure 1. A non-maximal subharmonic PH function. 

If one instead defines 5" (2:, y) by changing the value in the two upper sectors from 
to H^ respectively H2 then one obtains a different continuous PH function that is 
again subharmonic. Clearly, every neighborhood of the origin still has the property 
that \1/ is equal to each of the three harmonic functions in some subset of positive 
Lebesgue measure. So ^' is a maximum of harmonic functions along the curves, 
hence trivially subharmonic away from the origin. Letting < x G C'o°(IK^) be equal 
to 1 near the origin and XeC-^) '■— x(^/£)i this implies that (1 — Xc)A^ > in V . 
But clearly XeA^P ^ in I?' as e — > since ^ = 0(|z|). Hence ^ is subharmonic. 

7.2. On Global Descriptions. In this paper we have only considered the problem 
of locally characterizing the maximum of a finite number of harmonic functions. A 
natural question is to study various situations when a subharmonic PH function is 
globally the maximum of a finite number of harmonic functions. Such a situation 
occurs for instance in |2jj where the given harmonic functions are linear. The same 
conclusion holds when the number of given harmonic functions is two as well as 
in certain other cases. We discuss some of these cases in the following examples, 
which were inspired by |llj . 

Example 4. Let Ai and A2 be entire functions such that ^1(2) 7^ ^2(2), z e C 
and assume that $ :— Xi^i + X2^2 satisfies d^/dz > 0, where xi and X2 are the 
characteristic functions of the sets Mi and M2, respectively (cf. Notation [T|). The 
first assumption implies that Hi{z) — 3? [Jp Ai{w)d'w\, i — 1,2 are well-defined 
functions in C and that there are no singular points for Hi — i?2- For simplicity 
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assume further that level curves to Hi — H2 as well as the support d^/dz are 
connected. If p g Mi n Af2, it follows from Theorem [1] (condition (ii) there being 
vacuous in this case) that there exists a neighborhood N oi p and constants ci(p), 
C2{p) such that 

d d 
$ = 2 — max {Hi + ci(p), i?2 + ca^)) = 2 — max (i/i, i?2 + cab) - ci{p)) 

In particular, the common boundary of Mi and A/2 in N is the level curve H1 — H2 = 
C2{p) — ci{p) and this is also the support of d^/dz in N. The local information 
implies, by the connectedness assumptions, that globally C2{p) — ci{p) is a constant c 
independent of p, and that the support actually consists of the level curve H1 — H2 = 
c, and finally that 

d 

$ = 2— max(i7i,i/2 + c). 
oz 

Example 5. This example is essentially one-dimensional. Assume that 

r 

.7=1 

where the Ij are open pairwise disjoint intervals. Set Mj = /j xR, 1 < j < r, and let 
Xji^) be the characteristic function of Ij, which we also view as the characteristic 
function of Mj. Let hj{x + ^/—ly) — ajX + bj, 1 < j < be linear functions on C 
and assume as usual that 



dhAz) 



^ dz 



dhj{z) dxj _ aj dxj ^ „ 
^ dz dz ^ 2 dz - ' 



Since = deduce that X]j=i is an increasing function of x and 

thus h{x) = T^^j=i ^jXj is a convex function. Set 

H{x,y)^h{y) + h'{y + 0){x^y). 

By convexity we have 

h{x)>H{x,y), x,yER, (7.1) 

with equality when y = x. The functions H{x,y) viewed as linear functions of 
a; S K. are independent of y when y G Ij. We denote their common value for y G Ij 
by hj{x) and notice that hj — hj = Cj, where Cj is a constant. It follows from (|7.ip 
that 

h{x) = max hk{x) in Mj 

l<k<r 

and then differentiation implies that 

d ~ d 

h'{x) = — max hk{x) = — max {hk{x) + C^) . 

dx l<k<r dx l<k<r 

This means precisely that the PA function x satisfies 

d 

oz l<]<r 



and is therefore globally the maximum of a finite number of harmonic functions. 
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7.3. Related Questions. Let us finally formulate and discuss some interesting 
related problems. 

Problem 1. At the moment we do not know although we strongly suspect that lo- 
cally there are in fact only a finite number of possibilities for 5" even when conditions 
(i)-(iii) are weakened in Theorem [T] This holds e.g. for the function constructed 
in Example [3l In particular, it seems likely that there always exists a sufficiently 
small neighborhood of p that can be dissected into sectors bounded by level curves 
to Hi — Hj such that is constant in each such sector. Example [3] suggests that 
the local behavior of a PH subharmonic function is determined by the geometry 
of the level curves Tij^k whose study is essentially a problem of a combinatorial 
and topological nature. It would be interesting to give a description of this local 
behavior in terms of Morse theory (the study of level curves was Morse's original 
motivation for his theory, see [5]). 

Problem 2. Another problem is to understand the global behavior of a PH sub- 
harmonic function and in particular to give criteria saying precisely when ^ is the 
derivative of the maximum of a finite number of harmonic functions as in the last 
two examples. This would have interesting applications to uniqueness theorems for 
Cauchy transforms that are algebraic functions as in [H [3] . 

Problem 3. There are also several connections between the questions studied in the 
present paper and the theory of asymptotic solutions to differential equations. For 
instance, sets like those that occur as the support of the measures in Theorem[5]play 
a remarkable role in the latter theory ( [SJ HSl HH [E] ) . Moreover, many similar 
techniques are used, e.g. the admissible sets in O [9] are closely related to (though 
not exactly the same as) the sets V{z) in Lemma 3 above. These connections are 
quite close in the cases studied in P', ^ (as well as other cases) and certainly deserve 
further investigation in view of their important applications. 

Problem 4. Let U he a domain in C", where n > 1. By analogy with Definition [1] 
and Notation [1] one can define the notions of PHn and PAn functions in U as 
natural higher-dimensional generalizations of the concepts of PH and PA functions, 
respectively. It seems reasonable to conjecture that appropriate higher-dimensional 
analogue of Theorem [T] hold for the class PAn and that as a consequence one would 
get a natural extension of e.g. Corollary [2] to the class PHn- 

Appendix. Comments on Some Properties and Definitions 

As before, xo denotes the characteristic function of a set C C (or K^). Let us 
introduce the following additional condition: an open set C is said to have 
property (*) if dQ is of Lebesgue measure and dzXdi dyXn are measures. 

Lemma 10. Iffli, fl2 C have property (*) then so does fli n ^l-z- 

Proof. It is clear that d{flir\fl2) is Lebesgue negligible. Let if C be any compact 
set, choose rj £ C^(M^) with // r]{x,y)dxdy = 1, define rj^ = fr^i]{x/e,y/e) for 
e e (0, 1) and set Xj.e = Xj * Ve, where Xj = Xoj , J = 1, 2. Then < Xj,e < 1, 
Xi,e Xj a.e. as e and \\dxXj,e\\L^K) = WVe * dxXj\\L^{K) < Ck, where Ck 
is independent of e. Since dx{xi,eX2.e) = Xi-e(^xX2,e + X2.edxXi.e it follows that if 
e C^(M2) then 





\<l>ix,y)\{\dxXiA^^y)\ + \dxX2A^^y)\)dxdy < 2CkM\l-^- 
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<2CkM\l 



When e this shows that 

Xi [x, y)X2{x, y)dx<l>(x, y)dxdy 

and thus dx{xiX2) is a distribution of order (which extends to a measure). This 
finishes the proof since 9y(xiX2) can be dealt with in the same way. □ 

Lemma [TU] shows that if we define sets P*X of functions "piecewise* in X" as 
in Definition [T] by demanding in addition that ah sets Mj have property (*) then 
P*X are again vector spaces. 

Lemma 11. If u ^ P* X is continuous then dxU,dyU € P*X, where derivatives 
are taken in the distribution sense. 

Proof. Let us write u = J2i=i ''^iXii where Xi is the characteristic function of the 
(open) set Mi, Xi = ^ a-S- and dxXi^ dyXi are measures, 1 < i < r. Since u is 

continuous we can find e C°°{U) tending uniformly to u on every compact set 
as e ^ 0. Now 

r r 
dxUe = '^{dxUi)Xr + ^ Xidx(Ue - Ui) 

'=\ , (Al) 

= ^{dxUi)Xz + dx I ^{Ue - Ui)Xi I - ^{Uc - Ui)dxXi- 
1=1 \i=l / 1=1 

For every i one has u^ — Ui = u^ — uin a dense subset of Mi. It follows that Ui 
uniformly on every compact subset of Mi, hence also on every compact subset of 
the support of the measure dxXi- Therefore, {u^ — Ui)dxXi ^ in I?'(M^) as e — > 0. 
This is true for (itg — Ui)xi as well and so by letting e — > in (Al) we conclude that 
dxUe ~ 'Y^\^i(dxUi)xi- The same argument applies to dyU. □ 

Given a domain J7 C C let S{U) be the class of subharmonic functions in U . 
Recall Notation [5] from Sjl] where we already noted the (well-known) fact that 
dz4> G 5](?7) whenever (p S S{U). For completeness we give here a proof of a (also 
well-known) partial converse to this statement. 

Lemma 12. // U is simply connected and f G S(?7) then f ~ dz4> for some 
(j) (z S{U) which is uniquely determined modulo an additive constant. 

Proof. Since the operator dz is elliptic we may write / — dzW, where w = u + iv € 
V'{U) (cf., e.g., [H]). We get Aw-^iAt; = Aw = A^dgdzW = Adzf > 0, which implies 
that u e S{U), V £ H{U), and thus / = dzU + g, where g = idzV £ A{U). Let 
G £ A{U) be such that G'{z) = g{z) and define (t) = u + G + G. Then (j) £ S{U) 
and dzc/) = dzU + dzG = dzU + g = f. The last assertion in the lemma follows from 
the fact that a function h in U is constant whenever h = h and dzh — 0. □ 
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